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:
$U$ $k$ , $S=\{S_{1}, \ldots, S_{n}\}$ $N=\{1, \ldots, n\}$
$U$ . $X\subseteq N$ , $S_{X}=\cup\{S_{i}|i\in X\}$ .
$X\subseteq N$ $S_{X}=U$ , $X$ . $c$ : $Narrow R+$
$c(X)= \sum_{i\in X}c(i)$
$X\subseteq N$ . , $O(\ln k)$
$\eta=\max_{u\in U}|\{i|u\in S_{i}\}|$ .
$\rho$ : $2^{N}arrow R+$ ,
, $\rho(X)$ $X\subseteq N$ .
:
$G=(V, E)$ $V$ , $E$ . $X\subseteq V$ ,
$e\in E$ $X$ .
$c$ : $Varrow R+$ , $c(X)= \sum_{v\in X}c(v)$
$X\subseteq V$ . NP- ,
2- [1]. $\rho$ : $2^{V}arrow R_{+}$
, , $\rho(X)$ $X\subseteq L^{7}$
. .
:
$H=(W, F)$ $W$ , $F$ . $X\subseteq F$
$\prime v\in W$ $X$ .
$c$ : $Farrow R+$ , $c(X)= \sum_{e\in X}c(e)$
$X\subseteq F$ .
( , [26, \S 193]
). $\rho$ : $2^{F}arrow R+$ ,
, $\rho(X)$ $X\subseteq F$ .
.
,
Hayrapetyan, Swamy, Tardos [13] . Chudak&Nagano



















. Goemans et al. [9] Svitkina&Fleischer [27]
, Erdo”s&R\’enyi [5]
. , NP- .
.
















$N=\{1, \ldots, n\}$ . $f$ : $2^{N}arrow R$ , $f(\emptyset)=0$ .
$f$ $X\subseteq N$ $f(X)\geq 0$ . $f$ $X\subseteq l^{-}\subseteq N$
$f(X)\leq f($ }’ $)$ . , $f(\emptyset)=0$
$f$ . , $\rho$ : $2^{N}arrow R$ $\rho(\emptyset)=0$
. , $\rho$ . $\rho$
. , $X,$ $Y\subseteq N$ $\rho(X)+\rho(1^{r})\geq\rho(X\cup Y)$
. $z\in R^{N}$ $X\subseteq N$ $z(X)= \sum_{i\in X}z(i)$ .
$\rho$ $P(\rho)$
$P(\rho)=\{z|z\in R^{N}, z(Y)\leq\rho(L’). \forall 1^{r}\subseteq N\}$
. $z\in P(\rho)$ $X\subseteq N$ , $z(X)=\rho(X)$
$X$ z- . $\rho$ $z\in P(\rho)$ z-
.
Edmonds [4]
. $p\in R7$ $L=(i_{1}, \cdots, i_{n})$
132
$p(i_{1})\geq p(i_{2}’)\geq\cdots\geq p(i_{n})$ . $i_{j}\in N$ , $L(i_{j})=\{i_{1}, \cdots i_{j}\}$
. $L$
$z_{L}(i):=\rho(L(i))-\rho(L(i)\backslash \{i\})$ (1)
$z_{L}\in R^{N}$ . $z_{L}$ $P(\rho)$ , $\langle p,$ $z\}=$
$\sum_{i\in N}p(i)z(i)$ $z\in P(\rho)$ . $p$ $P\iota>p_{2}>\cdots>$
$p_{m}$ , $j=$ L. . , $7n$ $=\{i|p(i)\geq pj\}$ . $p_{m+1}=0$
, $\hat{\rho}(p)$
$\hat{p}(p)=\sum_{j=1}^{m}(p_{j}-p_{j+1})\rho(\Lambda_{j}^{r})$
. $\hat{\rho}:R_{+}^{N}arrow R$ Lov\’asz .
$\hat{\rho}$
$\rho$ .
$f$ : $2^{N}arrow R$ , $\hat{f}:R_{+}^{V}\wedgearrow R$ . , $X\subseteq N$
$\hat{f}(\chi_{X})=f(X)$ . $\chi_{X}\in R^{N}$ , $i\in X$
$\chi_{X}(i)=1,$ $i\in N\backslash X$ $\chi_{X}(i)=0$ ) $\triangleright$ . , $\hat{f}$ $f$
. , $\hat{f}$ , $Cl>0$
$p\in R_{+}^{N}$ $f(\alpha p)=\alpha f(p)$ .
, [4]
$\hat{\rho}(p)=\max\{\langle p, z\rangle|z\in P(\rho)\}$ (2)
, $\hat{\rho}$ .
$\hat{f}$ $[0,1]^{N}$ . $L$ $i\in N$
$L(i)$ $n+1$
. $N$ $n!$ , $[0,1]^{N}$ $n!$ .
$\hat{f}$ .
$\hat{f}$ , $\hat{f}$ -b
.
.
1 (Lov\’asz [19]) $f$ : $2^{N}arrow R$ , $f$













subject to $x(u)+x(\uparrow;)\geq 1$ $((u, v)\in E)$
$x(v)\geq 0$ $(v\in 1^{r})$
. Nemha$\iota iser$ &Trotter [22] (LPR) ,
$0,1$ 1/2 .
.
2 ([15, Lemma 6.1]) $\{0$ . $\pm 1\}$ - $A$ , 2
, $A^{-1}$ .
(LPR) , LP
2- . Bar-Yehuda &Even [22]
.
$x(v)(1^{\cdot}\in l’)$ , Lov\’asz
$\hat{\rho}:R_{+}^{t}arrow R_{+}$ ,
(CPR) MMinimize $\hat{\rho}(x)$
subject to $x(u)+x(v)\geq 1$ $((\tau x, v)\in E)$
$x(v)\geq 0$ $(v\in\ddagger^{r})$




: $x^{o}\in R^{1}$ (CPR) , V $L=(v_{1}, \ldots, v_{n})$
$x^{o}(v_{1})\geq x^{o}(\iota;_{2})\geq\cdots\geq x^{o}(v_{n})$ . , $x^{o}$ (CPR)
,
(SLP) -$\grave\iota$ ze $\hat{\rho}(x)$
subject to $x(u)+x(v)\geq 1$ $((u, v)\in E)$
$x(v_{j})-x(v_{j+1})\geq 0(j=1, \ldots, n-1)$
$x(\iota_{n})\geq 0$
. Lov\’asz , $\hat{\rho}$ (SLP)
, (SLP) . (SLP)
$\{0, \pm 1\}$- 2 , 2




(CPR) . $X^{*}$ $:=\{v|x^{*}(v)\geq$
$\frac{1}{2}\}$ . $X^{*}$
2- .
4 $G$ $X$ $\rho(X^{*})\leq 2\rho(X)$ .
: $X’:=\{v|x^{*}(v)=1\}$ , $x^{*}$ $x^{*}= \frac{1}{2}\chi x’+\frac{1}{2}\chi x*$
. , $\hat{\rho}(x^{*})=\frac{1}{2}\rho(X’)+\frac{1}{2}\rho(X^{*})\geq\frac{1}{2}\rho(X^{*})$ . (CPR)
$\hat{p}(x^{*})$ , $G$ $X$ , $\hat{\rho}(x^{*})\leq\hat{\rho}(\chi_{X})=\rho(X)$ .
$\rho(X^{*})\leq 2\hat{\rho}(x^{*})\leq 2\rho(X)$ .
(CPR) .
$V^{+}$ $V^{-}$ $V$ . $’\iota_{i}\in V$ $V^{+},$ $V^{-}$
$v^{+}\in\ddagger^{r+}/,$ $v^{-}\in V^{-}$ . $X\subseteq V$ $X^{+}\subseteq V^{+},$ $X^{-}\subseteq V^{-}$ .
$V^{+}$ $V^{-}$ 2 $G^{\pm}=(V^{+}, V^{-}:E^{\pm})$ .
$E^{\pm}=\{(u^{+}, v^{-}), (v^{+}, u^{-})|(u, v)\in E\}$ . $G^{\pm}$ $(X^{+}, Y^{-})$ ,
$\rho(X)+\rho(Y)$ . $(X^{+}, Y^{-})$ , $(X^{+}\cap Y^{+}, X^{-}\cup Y^{-})$ ,
$(X^{+}\cup 1^{\prime+}, X^{-}\cap Y^{-})$ .
5 $(X^{+}, Y^{-})$ $G^{\pm}$ . 2 $x= \frac{1}{2}(\chi_{X}+\chi_{Y})$
(CPR) .
: (CPR) $x$ ,
$X=\{v|x(v)=1\},$ $l^{r}= \{v|x(v)\geq\frac{1}{2}\}$ . , $(X^{+}, Y^{-})$ $G^{\pm}$
, $\hat{\rho}(x)=\frac{1}{2}[\rho(X)+\rho(Y)]$ . , $G^{\pm}$
$(X^{+}, Y^{-})$ , $x= \frac{1}{2}(\chi_{X}+\chi_{Y})$ (CPR) ,
$\hat{\rho}(x)=\frac{1}{2}[\rho(X\cap l^{r})+\rho(X\cup Y)]\leq\frac{1}{2}[\rho(X)+\rho(Y)]$ . , $G^{\pm}$
$(X^{+}, Y^{-})$ $x^{*}= \frac{1}{2}(\chi_{X}+\chi_{Y})$ $x^{*}$ (CPR)
.
$Z\subseteq L’$ , $G$ $Z$ $\Gamma(Z)$
. , $\Gamma(Z)=\{$ $v|\exists u\in Zs.t. (u, v)\in E\}$ . $X,$ $Y,$ $Z\subseteq V$
, $Z=V\backslash X$ , $(X^{+}, Y^{-})$ $G^{\pm}$
$\Gamma(Z)\subseteq 1^{\Gamma}$ . $l^{r+}\cup V^{-}$ $\mathcal{D}$
$\mathcal{D}=\{D|D=Z^{+}\cup 1^{\Gamma-}, \Gamma(Z)\subseteq Y\}$ . , $\mathcal{D}$ , $\mathcal{D}$
. $(X^{+}, Y^{-})$ $G^{\pm}$
$D\in \mathcal{D}$ $X^{+}=V^{+}\backslash D$ $Y^{-}=D\cap V^{-}$
. $D=Z^{+}\cup Y^{-}\in \mathcal{D}$ , { $f(D):=\rho(V\backslash Z)+\rho(Y)$ .
$f$ $\mathcal{D}$ . , ,
$\mathcal{D}$





$- u|\backslash ^{\tau}=\{i|\uparrow\iota\in Si\}$ . $\uparrow 7$ $?7= \max\{|N_{u}||\uparrow\iota\in[I\}$
. $7’=2$ , .
( $\rho=c$ ) $H_{k}$
( [28] ). $H_{k}=1+\frac{1}{2}+\cdots+\frac{1}{k}=O(\ln k)$ .
, , \S 4.1 $h$.-
.
, $\eta$ , ,
LP (Hochbaum [14]) $\eta$
. \S 4.2 ,
. , \S 4.3 Bar-Y”ehuda &Even [1]
$\eta$- .
4.1
. $u\in U$ , $X_{u}\subseteq N$ ?4
$X\subseteq N$ $\rho(X)$ . $X$ $= \bigcup_{u\in I;}X_{u}$
$X$ .
6 $X$ , $\rho(X)\leq k\rho(X)$ .
: $X$ . $X_{u}$ , $u\in U$ $\rho(X_{u})\leq\rho(X)$
. $\rho(X)\leq\sum_{u\in U}\rho(X_{u})\leq k\rho(X)$ .
$u\in U$ , $\lambda_{u}^{r}$ $|N_{u}|$ . ,






$x(i)\geq 0$ $(i\in N)$
. . $p^{o}:2^{N}arrow R$
$p^{o}(X)= \min\{\rho(Z)|X\subseteq Z\subseteq N\}$ $(X \subseteq N)$
. $\rho^{o}$ , $\rho^{o}$ (
[7, Section $3.1(b)$ ] ). , $X\subseteq N$ $\rho(X)\geq\rho^{o}(X)$
. , $x\in R_{+}^{N}$ $\hat{\rho}(x)\geq\hat{\rho}^{o}(x)$ . $X\subseteq N$ ,
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$X\subseteq Z\subseteq N$ $\rho(Z)=p^{o}(X)$ $-$ ( ) $Z$ $X^{o}$
. , $X\subseteq N$ $\rho^{O}(X)=\rho(X^{o})$ .
(SCP) $x^{*}\in R^{N}$ . $\prime l^{1}=\{i|J^{*}(i)\geq 1/\eta\}$
, $\prime 1$ ) $\circ$ . $T^{o}$
. $T^{O}$ $\eta$-
.
7 $X$ , $\rho(T^{o})\leq\eta\rho(X)$ .
: (SCP) $\hat{\rho}(x^{*})$ , $X$ $\hat{p}^{o}(x^{*})\leq$
$\hat{\rho}(x^{*})\leq\rho(\chi_{X})=\rho(X)$ . $\hat{p}^{o}$ . ,
$\eta x^{*}\geq\chi\tau$ , $\eta\hat{\rho}^{o}(x^{*})=\hat{\rho}^{o}(\eta x^{*})\geq\hat{\rho}^{o}(\chi_{T})=\rho^{o}(T)=\rho(T^{o})$ .
, $\rho(T^{o})\leq\eta\rho(X)$ .
43
(SCP) , . $x\in R_{+}^{V}$







$\xi(X)\geq 0$ $(X \subseteq N)$ .








$\xi(X)\geq 0$ $(X \subseteq N)$
, (SCP) $P(\rho)=\{z|z(X)\leq\rho(X), \forall X\subseteq N\}$
(DCP) Maximize
$\sum_{u\in L^{r}}y(u)$
subject to $z\in P(\rho)$ ,
$\sum_{u\in S_{2}}y(u)=z(i)$
$(i\in N)$ ,
$y(u)\geq 0$ $(u\in U)$
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.(DCP) $(y. z)$ z- $T\subseteq N$
. $y:=0,\tilde{*}:=0,$ $\prime l\urcorner:=\emptyset$ . $\rho$ $\rho(\emptyset)=0$
(DCP)
, $z(T)=\rho(T)$ . $T$ , $T$
$u\in[T$ , $y(u)$ $i\in i\backslash \tau u$ $z(i)$ (DCP)
. , $T$ 2 $(T)=\rho(T)$ ( )
. $T$ .
.
Step O: $y:=0$ . $z:=0$ , $T$ $z(T)=\rho(T)$ .
Step l: $T$ (1-1) (1-4) :
(1-1) $T$ $u\in U\backslash S_{T’}$ 1 , $1^{-}=- l\backslash \tau u$ .
(1-2) ctz $:=$ inax $\{A |z+\lambda\chi\}\in P(\rho)\}$ .
(1-3) $y(u):=y(u)+0,$ $z:=z+\alpha\chi\}$ . .
(1-4) $T$ $z(T)=\rho(T)$ ( ) .
Step2: $T$ .
, $(y, z)$ (DCP) .
. $P(\rho)$
, Step (1-2) $\alpha$ . Newton





$X\subseteq N$ $\rho(T)\leq\eta\rho(X)$ .
: $(y, z)$ (DCP) . $\eta$ ,
$X\subseteq N$
$\sum_{u\in L},$ $y(u) \leq\sum_{\prime\in\iota^{r}}\sum_{ui\in 19_{1}}y(u)\leq\eta\sum_{u\in C’}y(u)$
. $T\subseteq N$ $z(T)=\rho(T)$
$\rho(T)=z(T)=\sum_{i\in T}\sum_{u\in S_{1}}y(u)\leq\eta\sum_{u\in C},y(u)$ .
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. , $X\subseteq N$
$\rho(X)\geq z(X)=\sum_{J}\sum_{ui\in Y’\in S_{?}}y(u)\geq\sum_{u\in L^{\tau}}y(u)$













$10\in>0$ . , $H=(W, F)$
, ,





11 ([27, Lemma 2.1]) $f_{i}$ $f_{2}$ $2^{N}$ 2 . $f_{2}$
$R$ , $fi$ . $R$
$X\subseteq N$ , $fi(X)\neq f_{2}(X)$ ( $R$ ) $n^{-\omega(1)}$
. ,
$fi(X^{*})\neq f_{2}(X^{*})$ $X^{*}\subseteq N$ $n^{-\omega(1)}$ .
10 , $H=(7V, F)$ $F$
:. $p_{2}$ $R\subseteq F$ , $\rho_{1}$ .. $R$ , $\rho_{1}(X)\neq\rho_{2}(X)$ $X\subseteq F$ .. $i=1,2$ , $H$ $p_{i}$ OPTi
, 3/4 $OPT_{1}=\Omega(|\nu V|)$ $OPT_{2}=O(\ln^{2}|W|)$ .
, $o(|W|/\ln^{2}|\ddagger V|)$- ,
, 10 .
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, $H=(lT’\backslash F)$ $|lf^{r}|=k$ . $F$
$n= \frac{1}{2}k(k-1)$ . $X\subseteq F$ $H$ , $X$
$H$ . $R\subseteq F$ $e\in F$ $\pi\in[0,1]$
$F$ . $\pi$ .
$H_{\pi}=(\nu T_{\backslash }^{p^{r}}R)$ . $\mu=E[|R|]=\frac{1}{2}k(k-1)\pi$ .
$\pi$ $R$ . Erd\’os &R\’enyi
(cf. [2, Theorem VII. 14]).




13 (Chernoff [20]) $\beta\iota$ , . . . , $\beta_{m}$ 0-1 , $Pr(\beta\iota=1)=\pi$
$Pr(,/3_{i}=0)=1-\pi$ . $\beta=\sum_{i=1}^{m}\beta_{i}$ $\mu_{\beta}=E[\beta]=\pi m$ .
$\alpha\geq 8\mu_{\beta}$ , $Pr(\beta\geq\alpha)\leq\exp(-\alpha)$ .
, $\pi=\ln k/k$ . 12 , $k_{0}$ , $k\geq k_{0}$
$Pr$ ( $H_{\pi}=(\nu 7^{\gamma},$ $R)$ ) $> \frac{3}{4}$ ,
. $\mu=E[|R|]=\frac{1}{2}(k-1)\ln k$ 13
$Pr(|R|\geq 8\mu)\leq\exp(-8\mu)=\exp(-4(k-1)\ln k)=k^{-4(k-1)}$ (3)
.
$F$ :
$p_{1}(X)= \min\{\mu. |X|\}$ $(X \subseteq F)$ ,
$\rho_{2}(X)=\min\{\mu, |X\backslash R|+\min\{36\ln^{2}k, |X\cap R|\}\}$ $(X\subseteq F)$ .
$\rho_{2}$ $R$ , $\rho_{1}$ . $R$
$X\subseteq F$ $\rho_{2}(X)\leq\rho_{1}(X)$ , $\rho\iota$ $\rho_{2}$
. $i=1,2$ , $H=(\nu V, F)$ $\rho_{i}$
$OPT_{i}$ . , $OPT_{1}$ $OPT_{2}$ . $\check{}$
10 .
14 $H_{\pi}=(\nu f^{7}.R)$ , OPTi $=\Omega(k)$ $OPT_{2}=$
$O(\ln^{2}k)$ .
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: $X\subseteq F$ $|X|\geq k/2$ . $\mu=\frac{1}{2}(k-1)\ln$ ,
$OPT_{1}\geq\min\{\mu, k/2\}=\Omega(k)$ . $H_{\pi}=(W, R)$ $X$
. $X\subseteq R$ , $OPT_{2}\leq\rho_{2}(X)=\min\{\mu, 36\ln^{2}k, k/2\}=O(\ln^{2}k)$ . $\square$
$k$ , $H_{\pi}$ ( $R$ ) (X $\frac{3}{4}$
.
10 , $X\subseteq F$ , $\rho_{1}(X)\neq\rho_{2}(X)$
( $R$ ) .
15 $X\subseteq F$ . $R$ $e\in F$ $\pi=\ln k/k$
$F$ . , $p_{1}(X)\neq\rho_{2}(X)$
( $R$ ) $k^{-\omega(1)}$ .
: , $|X|\geq 9\mu$ $|X|\leq 9\mu$ . $k$
.
(i) $|X|\geq 9\mu$ . , $|R|\leq 8\mu$ $\mu\leq|X\backslash R|$ . , $\mu\leq|X\backslash R|$





(ii) $|X|\leq 9\mu$ . $\rho_{1}$ $\rho_{2}$ , $\rho_{1}(X)\neq\rho_{2}(X)$ $|X\cap R|>36\ln^{2}k$ .
,
$Pr(\rho_{1}(X)\neq\rho_{2}(X))\leq Pr(|X\cap R|>36\ln^{2}k)$ (4)
. , (4) $|X|=\lfloor 9\mu\rfloor$ $X$ .
$T$ $|T|=\lfloor 9\mu\rfloor$ $F$ , $\mu’=E(|T\cap R|)=\pi\cdot\lfloor 9\mu\rfloor$ .





. , $|X|\leq 9\mu$ $X\subseteq F$ ,
$Pr(|X\cap R|>36\ln^{2}k)\leq Pr(|T\cap R|>36\ln^{2}k)$
$\leq k^{-32\ln k}$
$=k^{-\omega(1)}$ (5)




$X\subseteq F$ ( $R$ ) $k^{-t\vee}(|)$ .
10 .
10 : $k=|$ IT $\tau|$ . , $\gamma-=o(k/\ln^{2}k)$ ,
$\gamma$- $A$
. , $A$ 3/4 .
$k$ . $\rho_{2}$ $H$
$A$ , $X$ . $\mathcal{A}$ , $H_{\pi}$
. 1– $(1- \frac{3}{4})-(1-\frac{3}{4})=\frac{1}{2}$
. 14 $\rho_{1}(X)\geq$ OPTl $=\Omega(k)$ $\rho_{2}(X)\leq\gamma’\cdot OPT_{2}=O(\ln^{2}k\cdot\gamma’)=o(k)$
. , 1/2 $\rho_{1}(X)\neq\rho_{2}(X)$ . ,
16 . $\square$
Magn\’us $Halld6rsson$ Lex Schrijver .
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